
yit = x′
itβ + uit, i = 1, … ,n, t = 1, … ,T

xit contains endogenous variables and lagged dependent variables.
IV: Zi(T × L)

population moment:

E[Z ′
iui] = 0

sample moment:

gn(β) =
1
n

n

∑
i=1

Z ′
i(yi − Xiβ)

GMM estimator:

β̂PGMM(W) = (S ′
xzWSxz)−1S

′
xzWszy

asymptotic normality of β̂PGMM:

√n(β̂PGMM − β) → N(0, Avar(β̂PGMM))

Avar(β̂PGMM) = (Σ′
xzWΣxz)

−1Σ′
xzWSWΣxz(Σ′

xzWΣxz)
−1

Âvar(β̂PGMM) = (S ′
xzWSxz)−1S ′

xzŴŜŴSxz(S ′
xzWSxz)−1

Panel-robust standard errors allowing for both heteroskedasticity and auto-
correlation.

Set W = S−1
zz , One-Step GMM or panel-2SLS estimator:

β̂2SLS = [X ′Z(Z ′Z)−1Z ′X]
−1
X ′Z(Z ′Z)−1Z ′y = (X̂ ′X̂)−1X̂ ′y

Âvar(β̂2SLS) = σ̂2(X̂ ′X̂)−1, σ̂2 =
1
nT

∑
i,t

û2
it

Set W = Ŝ−1，Ŝ → S, Two-step GMM estimator (efficient):

β̂2SGMM = [X ′ZŜ−1Z ′X]
−1
X ′ZŜ−1Z ′y

Âvar(β̂2SGMM) = [X ′ZŜ−1Z ′X]
−1

Tests of Over-identifying Restrictions (OIR, Hansen's J):

OIR = J = n ⋅ g(β̂2SGMM)′Ŝ−1g(β̂2SGMM) → χ2(L − K)

Panel GMM

d

d



Zi = , ui =

E[
T

∑
t=1

zituit] = 0

The sum of the expectations between the instruments and the error terms over the
entire sample period is zero.

Zi = , ui =

E[zituit] = 0, t = 1, ⋯ ,T

The instrument in each period is uncorrelated with the error term in the same period.
If x includes time dummies then there are only TK − (T − 1) moment conditions
available.

E[zisuit] = 0, s ≤ t

The current and lagged values of the instrument are uncorrelated with the current
error term.

IV Selection

Summation Assumption

⎡⎢⎣z
′
i1

z
′
i2

⋮
z

′
iT

⎤⎥⎦ ⎡⎢⎣ui1

ui2

⋮
uiT

⎤⎥⎦Contemporaneous Exogeneity Assumption(Stronger)

⎡⎢⎣z
′
i1 0 ⋯ 0

0 z
′
i2 ⋯ ⋮

⋮ ⋮ ⋱ 0

0 ⋯ 0 z
′
iT

⎤⎥⎦ ⎡⎢⎣ui1

ui2

⋮
uiT

⎤⎥⎦How to construct IV: For period t, we use only the current-period instrument and
set instruments from other periods to zero.

Weak Exogeneity Assumption



E[zisuit] = 0, s, t = 1, … ,T

All values of the instrument (past, present, and future) are uncorrelated with the error
term in any period.

Time-invariant instruments can be used only once.
Instruments that are the product of time dummies and a time-invariant regressor
should be included only once.

yit = αi + x′
itβ + uit

Assume E[xisuit] = 0, for all s, t.

To eliminate αi, we typically apply within transformation or first-differencing,
obtaining a transformed model (~yit = ~x′

itβ + ~uit).

However, this transformation loses information, and if xit is strongly
exogenous, then pre-transformation values of xis(s ≠ t) from other periods can
also serve as valid instruments.

Chamberlain's method aims to more fully utilize these cross-period moment
conditions, thereby obtaining a more efficient estimator than the standard
fixed effects estimator.

Chamberlain's model setting: 

yi = eαi + (IT ⊗ β′)xi + ui

e = [1, 1, … , 1]′

Chamberlain assumes the fixed effect αi can be linearly predicted by the explanatory
variables xi (values from all periods):

E ∗[αi|xi] = μ +
T

∑
t=1

λ′
txit = μ + λ′xi

Assume E ∗[ui|αi,xi] = 0

How to construct IV: For period t, we use all instruments up to and including
period t.

Strong Exogeneity Assumption

How to construct IV: For any period t, we can use instruments from all T periods.

Redundant Instruments

Chamberlain’s Optimal Distance Estimator



Step 1: Estimate the Reduced-Form Parameters

Step 2: Minimum Distance Estimation

J(β,λ) = (Vec(Π̂ − IT ⊗ β′ − eλ′))
′
W (Vec(Π̂ − IT ⊗ β′ − eλ′))

no homoskedasticity assumption is needed.

E ∗[yi|xi] = eE ∗[αi|xi] + (IT ⊗ β′)xi

= eμ + (IT ⊗ β′ + eλ′)xi

= Π0 + Π1xi

run a multivariate OLS regression to get the reduced-form parameter Π̂.
estimate the variance-covariance matrix of Π̂: V̂ [Vec(Π̂)] (Vec for Vectorization).

Example



Δ ln hrsit = β1Δ ln wgit + β2Δkidsit + β3Δageit + β4Δagesqit + β5Δdisabit + Δuit

2SLS with Base-Case Instruments: 9 IV
lnwgi,t−2, kidsi,t−1, agei,t−1, agesqi,t−1, disabi,t−1, kidsi,t−2, agei,t−2, agesqi,t−2, disabi,t−2

2SLS with Stacked Instruments: 72(=8×9) IV

The two-step GMM estimator is more efficient than 2SLS.

Test of Overidentifying Restrictions: see OIR Test and its p-value
H0​: All overidentifying moment conditions are valid. In other words: all instruments are
exogenous.

Test of Weak Instruments:
H0​: The correlation between the instruments and the endogenous explanatory variable
is weak./The coefficients of the instruments in the first-stage regression are jointly
zero (or close to zero).


