
yi = x′
iβ + ui, ui ∼ NID(0,σ2)

normal distribution:

f(yi|xi;β,σ2) =
1

√2πσ2
exp{−

1

2

(yi − x′
iβ)2

σ2
}

the loglikelihood function:

logL(β,σ2) = −
N

2
log(2π) −

N

2
log(σ2) −

1

2

N

∑
i=1

(yi − x′
iβ)2

σ2

the score vector:

s(θ) ≡
∂ logL(θ)

∂θ
=

N

∑
i=1

∂ logLi(θ)

∂θ
≡

N

∑
i=1

si(θ)

si(β,σ2) = =

FOC implies:

β̂ = (
N

∑
i=1

xix
′
i)

−1 N

∑
i=1

xiyi and σ̂2 =
1
N

N

∑
i=1

(yi − x′
iβ̂)2

Information matrix:

I(θ) ≡ E[s(θ)s(θ)′] = −E[
∂ 2 logL(θ)

∂θ∂θ′
]

Ii(β,σ2) = E[si(β,σ2)si(β,σ2)′]

calculation:

E(sis
′
i) = E[ ] ⋅ [

ui

σ2
xi, −

1

2σ2
+

u2
i

2σ4
]

= E

since E(ui) = 0, E(u2
i ) = σ2, E(u3

i ) = 0, E(u4
i ) = 3σ4, we can finally get
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⎛
⎝

∂ logLi(β,σ2)
∂β

∂ logLi(β,σ2)
∂σ2

⎞
⎠

⎛
⎝

(yi−x′
iβ)

σ2 xi

− 1
2σ2 + 1

2
(yi−x′

iβ)2

σ4

⎞
⎠

ui

σ2 ⋅ xi

− 1
2σ2 +

u2
i

2σ4

⎡⎢⎣ ( ui

σ2 xi)
2

− uixi

2σ4 +
u3
i
xi

2σ6

− uixi

2σ4 +
u3
ixi

2σ6 (− 1
2σ2 +

u2
i

2σ4 )
2

⎤⎥⎦



Ii(β,σ2) = ( )

The asymptotic covariance matrix:

V = I(β,σ2)−1 = ( )

√N(β̂ − β) → N (0,σ2Σ−1
xx )

√N(σ̂2 − σ2) → N (0, 2σ4)

logL = −
n

2
log(2π) −

n

2
log(σ̃2) −

1

2σ̃2
ũ′ũ

SSR = ũ′ũ, σ̃2 =
SSR

n

⇒ logL = −
n

2
log(2π) −

n

2
log

SSR

n
−

n

2

⇒ L = (
2π

n
)− n

2 ⋅ e− n
2 ⋅ (SSR)− n

2

λ ≡ LU/LR ≡ (
SSRU

SSRR
)−n/2

F =
(SSRR − SSRU)/#r

SSRU/n − k − 1
=

n − k − 1

#r
(λ

2
n − 1)

We have already seen in chap 2:

1
σ2 xix

′
i 0

0 1
2σ4

σ2Σ−1
xx 0

0 2σ4

Hypothesis test

LR(Likelihood Ratio Test)

Wald Test



W = n ⋅ h(bOLS)′[H(bOLS)Avar(bOLS)H(bOLS)′]−1
h(bOLS)→χ2(p)

For nonlinear hypotheses:

H0 : h(θ) = 0

By first-order Taylor expansion:

h(θ̂) ≈ H(θ)(θ̂ − θ)

H(θ) =
∂h(θ)

∂θ′

Wald Test Statistic:

W = n ⋅ h(θ̂)′[ĤÂvar(θ̂)Ĥ ′]−1h(θ̂)

Âvar(θ̂) can be the inverse of information matrix.

Wald Test Examples(see lecture note):
(1)Tests of Exclusion Restrictions
(2)Tests of Statistical Significance
(3)Tests of Nonlinear Restriction

Verbeek 6.1.1+6.2.3:

(1)

L(p) = (N

N1
)pN1(1 − p)N−N1

logL(p) = log(N

N1
)+ N1 log p + (N − N1) log(1 − p)

(2)

d logL(p)

dp
=

N1

p
−

N − N1

1 − p
= 0

p̂ =
N1

N

(3)

logLi(p) = yi log p + (1 − yi) log(1 − p)

∂ logLi(p)

∂p
=

yi

p
−

1 − yi

1 − p

W ≡ (R
~
β − r)′[s2R(X

′
X)−1R′]

−1
(R

~
β − r)

d
→χ2

J

d

Examples



−
∂ 2 logLi(p)

∂p2
=

yi

p2
+

1 − yi

(1 − p)2

I = E{−
∂ 2 logLi(p)

∂p2
} =

E{yi}

p2
+

1 − E{yi}

(1 − p)2
=

1

p
+

1

1 − p
=

1

p(1 − p)

note that E{yi} = p

V = I−1

√n(p̂ − p) → N (0, p(1 − p))

(4)

p ± za/2
√ p(1 − p)

n
= 0.44 ± 1.96√

0.44(1 − 0.44)

100
= (0.3427, 0.5373)

(5)H0 : p̂ = p0 for a given value p0

Wald test :

W = N(p̂ − p0)[p̂(1 − p̂)]−1(p̂ − p0)

For LR test we need to compare the unrestricted and the restricted model:

logL(p̂) = N1 log(N1/N) + (N − N1) log(1 − N1/N)

logL(~p) = N1 log(p0) + (N − N1) log(1 − p0)

LR = 2(logL(p̂) − logL(~p))

Verbeek Exercise 6.2:

a.

L(β1,β2) =
N

∏
i=1

e−eβ1+β2xi
eβ1+β2xi

yi

yi!

logL(β1,β2) =
N

∑
i=1

[−eβ1+β2xi + yi(β1 + β2xi) − log(yi!)]

b.

∂ logL

∂β1
=

N

∑
i=1

(yi − eβ1+β2xi) =
N

∑
i=1

(yi − λi)

∂ logL
∂β2

=
N

∑
i=1

(yi − eβ1+β2xi)xi =
N

∑
i=1

(yi − λi)xi

s(β) = ( )

si(β) = ( )

∑N
i=1(yi − λi)

∑N
i=1(yi − λi)xi

yi − λi

(yi − λi)xi



given E[yi|xi] = λi:

E[yi − λi|xi] = 0

E[(yi − λi)xi|xi] = xiE[yi − λi|xi] = 0

E[si(β)|xi] = E[si(β)] = 0

c. ∂ 2 logL

∂β2
1

= ∑N
i=1(−λi), ∂ 2 logL

∂β2
2

= ∑N
i=1(−λix

2
i ), 

∂ 2 logL
∂β1∂β2

= ∑N
i=1(−λixi)

H(β) = −( )

I(β) = −E[H(β)] = ( ) = ( )

the asymptotic covariance matrix: Var(β) = I(β)−1

consistent estimator: V̂ar(β̂) = Î(β̂)−1, λ̂i = exp(β̂1 + β̂2xi)

∑λi ∑λixi

∑λixi ∑λix
2
i

∑E[λi] ∑E[λixi]

∑E[λixi] ∑E[λix
2
i ]

∑λi ∑λixi

∑λixi ∑λix
2
i


