
yi = z′
iδ + εi

E(gi) ≡ E(xiεi) = E(xi(yi − z′
iδ)) = 0

gn(
~
δ) =

1
n

n

∑
i=1

xi(yi − z′
i
~
δ) =

1
n

n

∑
i=1

xiyi −
1
n

n

∑
i=1

xiz
′
i
~
δ = sxy − Sxz

~
δ

GMM estimator:

~
δ(Ŵ) = arg min

~
δ

n gn(
~
δ)′Ŵgn(

~
δ) = arg min

~
δ

n(sxy − Sxz
~
δ)′Ŵ(sxy − Sxz

~
δ)

FOC:

~
δ(Ŵ) = (S ′

xzŴSxz)
−1
S ′
xzŴsxy

sample error:

~
δ(Ŵ) − δ = (S ′

xzŴSxz)
−1
S ′
xzŴsxy − (S ′

xzŴSxz)
−1(S ′

xzŴSxz)δ = (S ′
xzŴSxz)

−1S ′
xzŴ

–g

base on

sxy =
1

n

n

∑
i=1

xi(z
′
iδ + εi) =

1

n

n

∑
i=1

xiz
′
iδ +

1

n

n

∑
i=1

xiεi = Sxzδ + ḡ

the same as chap4

Under Ass 3.1-3.4:

p lim
n→∞

~
δ(Ŵ) = δ

Proof:

Ass 3.2, 3.4 ⇒Sxz → Σxz , Σxz is column full rank(K ≥ L）

Ass 3.2-3.3 ⇒ḡ = 1
n
∑n

i=1 gi → 0  

GMM Basics

Assumptions

Proposition 3.1 Asymptotic distribution of GMM estimator

Consistency

p

p



Ŵ → W  by the definition of W(symmetric and positive definite weight matrix)

By Slutsky theorem:

S ′
xzŴSxz → Σ′

xzWΣxz

S ′
xzŴḡ → Σ′

xzW ⋅ 0 = 0

hence:

~
δ(Ŵ) − δ → (Σ′

xzWΣxz)
−1

⋅ 0 = 0

p lim
~
δ(Ŵ) = δ

Under Ass 3.5:

√n(~
δ(Ŵ) − δ) → N(0, Avar(

~
δ(Ŵ)))

Avar(
~
δ(Ŵ)) = (Σ′

xzWΣxz)
−1

Σ′
xzWSWΣxz(Σ′

xzWΣxz)
−1

S = E[gig
′
i] = E[xix

′
iε

2
i ]

proof:

√n(~
δ(Ŵ) − δ) = (S ′

xzŴSxz)
−1
S ′
xzŴ ⋅ √n ḡ

By CLT:

√n ḡ → N(0,S)

By Slutsky theorem:

S ′
xzŴSxz → Σ′

xzWΣxz

S ′
xzŴ → Σ′

xzW

hence:

√n(
~
δ(Ŵ) − δ) → (Σ′

xzWΣxz)
−1

Σ′
xzW ⋅ N(0,S)

Avar(
~
δ(Ŵ)) = (Σ′

xzWΣxz)
−1

Σ′
xzWSWΣxz(Σ′

xzWΣxz)
−1

Âvar(
~
δ(Ŵ)) → Avar(

~
δ(Ŵ))

p

p

p

p

Asymptotic normality

d

d

p

p

d

Consistent estimate of Avar(
~
δ(Ŵ))

p



Proof:

Âvar(
~
δ(Ŵ)) = (S ′

xzŴSxz)
−1
S ′
xzŴŜŴSxz(S

′
xzŴSxz)

−1

Sxz → Σxz, Ŵ → W , Ŝ → S

Âvar(
~
δ(Ŵ)) → (Σ′

xzWΣxz)
−1

Σ′
xzWSWΣxz(Σ′

xzWΣxz)
−1

Under Ass 3.1-3.2 + E(ziz
′
i) exists and is finite:

1

n

n

∑
i=1

ε̂2
i

p
⟶ E(ε2

i )

Proof:

ε̂i = εi − z′
i(δ̂ − δ)

ε̂2
i = ε2

i − 2(δ̂ − δ)′ziεi + (δ̂ − δ)′ziz
′
i(δ̂ − δ)

1

n

n

∑
i=1

ε̂2
i =

1

n

n

∑
i=1

ε2
i − 2(δ̂ − δ)′( 1

n

n

∑
i=1

ziεi)+ (δ̂ − δ)′( 1

n

n

∑
i=1

ziz
′
i)(δ̂ − δ)

hence:

1

n

n

∑
i=1

ε̂2
i

p
⟶ E(ε2

i )

To minimize Avar(
~
δ(Ŵ)), choose Ŝ−1 as the weighting matrix.

Avar(
~
δ(Ŵ)) = (Σ′

xzWΣxz)
−1Σ′

xzWSWΣxz(Σ′
xzWΣxz)

−1

Avar(
~
δ(Ŝ−1)) = (Σ′

xzS
−1Σxz)

−1

Âvar(
~
δ(Ŝ−1)) = (S ′

xzŜ
−1Sxz)

−1

p p p

p

Proposition 3.2 consistent estimation of error variance

For the first term in RHS, using Ass 3.2 + WLLN: 1
n ∑ ε2

i → E(ε2
i )

p

For the second term, δ̂ − δ → 0 (consistency), 1
n
∑ ziεi → E(ziεi) exists and is finite

(by Cauchy-Schwartz inequality)

p

For the third term, δ̂ − δ → 0， 1
n
∑ ziz

′
i → E(ziz

′
i) exists and is finitep

The Efficient GMM Estimator



Under Ass 3.7(conditional homoskedasticity):

S = E(xix
′
iε

2
i ) = E[xix

′
iE(ε2

i |xi)] = σ2E(xix
′
i)

as is proofed in chap2:
s2 → σ2, Sxx → E(xix

′
i) = Σxx, Ŝ → S

don't forget the projection matrix P is symmetric and idempotent.

Under Ass 3.1-3.5:

(a) Under the null H0 : δ = δ̄

t ≡
√n(

~
δ(Ŵ) − δ̄)

√Âvar(
~
δ(Ŵ))

d
⟶ N(0, 1)

(b) Under the null H0 : Rδ = r

W ≡ n(R
~
δ(Ŵ) − r)′{R[Âvar(

~
δ(Ŵ))]R′}−1(R

~
δ(Ŵ) − r)

d
⟶ χ2(#r)

(c) Under the null H0 : a(δ) = 0

W ≡ na(
~
δ(Ŵ))′{A(

~
δ(Ŵ))[Âvar(

~
δ(Ŵ))]A(

~
δ(Ŵ))′}−1a(

~
δ(Ŵ))

d
⟶ χ2(#a)

(d) δ̄ is from restricted model, ~δ is from unrestricted model:

LR ≡ J(δ̄(Ŝ−1), Ŝ−1) − J(
~
δ(Ŝ−1), Ŝ−1) → χ2

From GMM to 2SLS

p p p

β̂GMM = (S ′
xzŜ

−1Sxz)
−1S ′

xzŜ
−1sxy

= (S ′
xz(s

2Sxx)−1Sxz)
−1
S

′
xz(s

2Sxx)−1sxy

= (S ′
xzS

−1
xx Sxz)

−1
S ′
xzS

−1
xx sxy

= ( Z ′X

n
(
X ′X

n
)−1 X

′Z

n
)

−1
Z ′X

n
(
X ′X

n
)−1 X

′y

n

= (Z ′X(X ′X)−1X ′Z)
−1
Z ′X(X ′X)−1X ′y

= (Z ′PXPXZ)
−1
Z ′PXy

= (Ẑ ′Ẑ)−1Ẑ ′y

= β̂2SLS

Proposition 3.3 Robust t ratio and Wald statistics

d



Under Ass 3.1-3.5:

J(
~
δ(Ŝ−1), Ŝ−1) = ngn(

~
δ(Ŝ−1))′Ŝ−1gn(

~
δ(Ŝ−1)) → χ2(K − L)

√nḡ → N(0, S), Ŝ → S

Under conditional homoskedasticity, J becomes Sargan Statistic:

n(sxy − Sxz
~
δ2SLS)′(s2Sxx)−1(sxy − Sxz

~
δ2SLS)

Under Ass 3.1-3.5:

C ≡ J − J1 → χ2(K − K1)

need K1 ≥ L

Proposition 3.6 Hansen’s test of overidentifying restrictions

d

d p

Proposition 3.7 Testing a subset of orthogonality conditions


