GMM Basics

yi = 2.0 + €
E(g;) = E(z;e;) = E(z;(y; — 225)) =0

gn(S): %sz _Z(S Zmzyz ZZBZ(S—Smy zz(s

GMM estimator:

6(W) = argmin n g,,(8)'Wg,(é) = argmin n(Sgy — Swzg)'W(swy ~ S,.0)
5 5

FOC:

S(W) = (SL.WS,.) 'S, Wy

sample error:

§W) — 6= (S1.WSa.) 'S5 Wsyy — (SLWS,.) ' (SL.WS,.)8 = (SL.WS,..) LS. Wg
base on
Sgy = — szzcs—kal = Za:z5+ insi:sz5+§
i=1
Assumptions

the same as chap4

Proposition 3.1 Asymptotic distribution of GMM estimator
Consistency
Under Ass 3.1-3.4:
p Jim o) = ¢
Proof:

Ass 3.2,3.4>5,, 5 %,,, %, is column full rank(K > L)

ASS3233=>g_1 "1gl—>0



W 2, W by the definition of W(symmetric and positive definite weight matrix)
By Slutsky theorem:
e WSe. 7 T, WE,,
S Wgt 2 W.0=0
hence:
W) -6 (2. w=e,,) - 0=0

plim§(W) = &

Asymptotic normality

Under Ass 3.5:

A~

VR (5(W) - 8) % N(0, Avar(

~ A

(W)))
Avar(3(W)) = (SL,WE,.) B WSWE,. (3, WE,.)
S = Elgig}] = Elzzie}]
proof:
Vr(3(W) = 8) = (S5, WS,.) 'S, W -/ng
By CLT:
VgL N(0,S)
By Slutsky theorem:
S WSs B 2L WSy,
SwWhs w
hence:
Va(3W) = 6) & (BL.WS,.) 'SLW - N(0, S)

Avar(§(W)) = (B, WS,.) =, WSWE,, (S, WS,.)

Consistent estimate of Avar(6(W))
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Avar(5(W)) & Avar(3(W))



Proof:

Rvar(3(W)) = (S, WS..) S, WSWS,.(S,.WS,.)
Sz 5 Beey, WHW, 8§45

—_—

Avar(3(W)) & (SLWE,,) 'S WSWS,, (S, WE,.)

Proposition 3.2 consistent estimation of error variance

Under Ass 3.1-3.2 + E(z;z}) exists and is finite:

1 n
—Y & 5 E(ed)
n <
=1
Proof:

~

e =2 —2(6—8) ziei + (6 — 8) 2:24(5 — 9)
1 & -

n w2260 (%Z) +(G-ay (%E;Ziz;)(s_a)

7 =1

« For the first term in RHS, using Ass 3.2 + WLLN: 1 °¢2 % B(e2)

- For the second term, 6 — & — 0 (consistency), % > ziE; LN E(z;e;) exists and is finite
(by Cauchy-Schwartz inequality)

« For the third term, 6 — 6 — 0, 13" z2] & E(2;2}) exists and is finite

hence:

The Efficient GMM Estimator

To minimize Avar(5(W)), choose S~ as the weighting matrix.

~ A

Avar(d(W)) = (2. WX,,) '8, WSWE, (., WE,,)

Avar(8(S71)) = (21,8 '8,.,)

—_—

Avar(6(S71)) = (S..5718,.)



From GMM to 2SLS

Under Ass 3.7(conditional homoskedasticity):
S = E(%w;e?) = E[xzfiE(eﬂivz)] = UzE(xﬂé)

as is proofed in chap2:

s2 % 02, Spp B E(ziz}) = Zuz, shs
Bom = (85,57 52:) 71 8,.5 sy

= (S,. 25’;7:::: lsm) 1Sglcz( 2822) sy

( 22 ) SaIczS;z y

(ZX XX XZ) Z’X(X’X)_IX’y

n n n

n
= (Z2'X ) 'X'Z) Z’X(X’X)—lx’y
= (2 PXPXZ) 'Z' Pyy
=(2'2)7 2"y

= BasLs

don't forget the projection matrix P is symmetric and idempotent.

Proposition 3.3 Robust t ratio and Wald statistics
Under Ass 3.1-3.5:

(@) Underthenull Hy: 6 =6

Vn (S(W) - 5)

- \/ Avar(d

i> N(0,1)

(b) Under thenull Hy: R6 =17

W = n(RS(W) — r)'{R[Avar(5(W))|R'} {(RS(W) — ) —5 x*(#7)
(c) Under the null Hy : a(d) =0

d

W = na(3(W)) {AGB(W))[Avar(3(W))| AGB(W))'} a(8(W)) — x*(#a)
(d) § is from restricted model, § is from unrestricted model:

LR=JG(S™), 8 - J06(5 1,81 % 2



Proposition 3.6 Hansen'’s test of overidentifying restrictions

Under Ass 3.1-3.5:

J(3(571),871) = nga(8(371))'S 9,(5(5 1)) 5 x2(K — L)

Vng % N(0,8),8 % S
Under conditional homoskedasticity, J becomes Sargan Statistic:
n(Szy — S2209515) (52822) " (Szy — Suz025L5)
Proposition 3.7 Testing a subset of orthogonality conditions
Under Ass 3.1-3.5:
C=J-J — x*(K—-K)

need K1 > L



