
Ass 4.1: Linearity

yim = z
′

imδm + εim

= +

Ass 4.2: Jointly Ergodic Stationarity

{wi} = {yi1, . . . , yiM , zi1, . . . , ziM , xi1, . . . , xiM}

Ass 4.3: Orthogonality

E(xim ⋅ εim) = 0

We don't assume cross equation orthogonalities.

Ass 4.4: Rank condition
E(ximz′

im) is full column rank.

Ass 4.5: gi is a m.d.s with finite second moments

gi ∼ m. d. s

E(gig′
i) is nonsingular.

Ass 4.6: finite fourth moments
E[(ximkz

′
ihl)

2] exists and finite.

Ass 4.7: conditional homoskedasticity

Assumptions

⎡⎢⎣ y1

n × 1

⋮
yM

n × 1

⎤⎥⎦ ⎡⎢⎣ Z1

n × L1

⋱
ZM

n × LM

⎤⎥⎦⎡⎢⎣ δ1

L1 × 1

⋮
δM

LM × 1

⎤⎥⎦ ⎡⎢⎣ ε1

n × 1

⋮
εM

n × 1

⎤⎥⎦



ḡ ≡
1
n

n

∑
i=1

gi = = gn(δ)

population moment:

sample moment:

MEGMM

⎡⎢⎣ 1
n ∑

n
i=1 xi1 ⋅ εi1

⋮
1
n ∑

n
i=1 xiM ⋅ εiM

⎤⎥⎦E[gi] ≡

= −

= −

≡ σxy − Σxz
~
δ

⎡⎢⎣ E[xi1 ⋅ (yi1 − z
′

i1
~
δ1)]

⋮

E[xiM ⋅ (yiM − z
′

iM

~
δM)]

⎤⎥⎦⎡⎢⎣ E(xi1 ⋅ yi1)

⋮
E(xiM ⋅ yiM)

⎤⎥⎦ ⎡⎢⎣ E(xi1z
′

i1)
~
δ1

⋮

E(xiMz
′

iM)
~
δM

⎤⎥⎦⎡⎢⎣ E(xi1 ⋅ yi1)

⋮
E(xiM ⋅ yiM)

⎤⎥⎦ ⎡⎢⎣E(xi1z
′

i1) … 0

⋮ ⋱ ⋮

0 … E(xiMz
′

iM)

⎤⎥⎦⎡⎢⎣ ~
δ1

⋮
~
δM

⎤⎥⎦gn(
~
δ) =

= −

= −

≡ sxy − Sxz
~
δ

⎡⎢⎣ 1
n
∑n

i=1 xi1 ⋅ (yi1 − z
′

i1
~
δ1)

⋮
1
n ∑

n
i=1 xiM ⋅ (yiM − z

′

iM

~
δM)

⎤⎥⎦⎡⎢⎣ 1
n ∑

n
i=1 xi1 ⋅ yi1

⋮
1
n ∑

n
i=1 xiM ⋅ yiM

⎤⎥⎦ ⎡⎢⎣ 1
n ∑

n
i=1 xi1z

′

i1
~
δ1

⋮
1
n
∑n

i=1 xiMz
′

iM

~
δM

⎤⎥⎦⎡⎢⎣ 1
n
∑n

i=1 xi1 ⋅ yi1

⋮
1
n
∑n

i=1 xiM ⋅ yiM

⎤⎥⎦ ⎡⎢⎣ 1
n ∑

n
i=1 xi1z

′

i1

⋱
1
n
∑n

i=1 xiMz
′

iM

⎤⎥⎦⎡⎢⎣ ~
δ1

⋮
~
δM

⎤⎥⎦S = E(gig
′

i) =
⎡⎢⎣ E(εi1εi1xi1x

′

i1) … E(εi1εiMxi1x
′

iM)

⋮ ⋮

E(εiMεi1xiMx
′

i1) … E(εiMεiMxiMx
′

iM)

⎤⎥⎦



Ŵ =

MEGMM estimator:

FOC:

SEGMM is a special case of MEGMM when:

Ŵ = diag(Ŵ11, … , ŴMM)

Efficient MEGMM is equivalent to Efficient SEGMM when:

⎡⎢⎣ Ŵ11 Ŵ12 … Ŵ1M

Ŵ′
12 Ŵ22 … Ŵ2M

⋮ ⋮ ⋱ ⋮

Ŵ′
1M Ŵ′

2M … ŴMM

⎤⎥⎦~
δ(Ŵ) = arg min

~
δ

J(~
δ, Ŵ) = arg min

~
δ

ngn(~
δ)′Ŵgn(~

δ)

= arg min
~
δ

n(sxy − Sxz
~
δ)′Ŵ(sxy − Sxz

~
δ)

~
δ(Ŵ) = (S ′

xzŴSxz)−1S ′
xzŴsxy =

−1

×

⎛⎜⎝ S
′

x1z1
Ŵ11Sx1z1 S

′

x1z1
Ŵ12Sx2z2 … S

′

x1z1
Ŵ1MSxMzM

S
′

x2z2
Ŵ

′

12Sx1z1 S
′

x2z2
Ŵ22Sx2z2 … S

′

x2z2
Ŵ2MSxMzM

⋮ ⋮ ⋱ ⋮

S
′

xMzM
Ŵ

′

1MSx1z1 S
′

xMzM
Ŵ

′

2MSx2z2 … S
′

xMzM
ŴMMSxMzM

⎞⎟⎠ ⎛⎜⎝ S
′

x1z1
Ŵ1MsxMyM

S
′

x2z2
Ŵ2MsxMyM

⋮

S
′

xMzM
ŴMMsxMyM

⎞⎟⎠SEGMM versus MEGMM

1. Each equation is just identified.
2. At least one equation is over-identified but S is block diagonal.

E[gimg
′
ih] = E[εimεih ximx

′
ih] = 0 for all m ≠ h



Multiple-Equation GMM 

To go from the second-to-last to the last line, use formulas (A.6) and (A.7) of 
the appendix on partitioned matrices. If you find the operation too much, just set 
M = 2. 

Keen
Rectangle



Table 4.1: Multiple-Equation GMM in the Single-Equation Format 

Sample Analogue of - - 
Orthogonality Conditions: gn(6) = s,, - Sxz6 = 0 

GMM Estimator: i (G)  = ( s ~ ~ ~ s ~ ~ ) - ~ s ~ ~ ~ ~ ~ ~  

Its Sampling Error: i ( G )  - 6 = (s&Gs,)-'s~,@~ 

Asymptotic Variance of 
Optimal GMM: ~var(i(S-l)) = (X;,S-~ zm)-l 

Its Estimator: ~var(i(S-l)) = (S&S-'SXz)-' 

J Statistic: J(~(S-') ,  Spl )  = n . gn (i(S-l))lS-lgn ($(Spl)) 

Single-Equation GMM 

applied to the Multiple-Equation GMM 

gi 

Estimator consistent 

under which 

assumptions? 

Size of W 

X xz 

Estimator asymptotic 

normal under which 

equation in question 

xi . ~i (4.1.4) 

K x K  

E(x~z:) 

d.f. of J I K - L  I E,(Km-Lm) 

Ern Km x E m  Km 

(4.1.9) 

I 
A 

S + p  S under 

which assumptions? I 
3.1, 3.2, 3.6, E(gig:) finite 4.1,4.2,4.6, E(gig:) finite 



Under Ass 4.1-4.5 and 4.7,

E(εimεih|xim, xih) = σmh

S = E[ximx
′

ihεimεih] = σmhE[ximx
′

ih] =

σ̂2
mh → σ2

mh(E(zimz′
ih) exists and finite), 1

n ∑ximx
′
ih → E(ximx

′
ih), Ŝ → S

Large-Sample properties:

Special Cases of MEGMM: FIVE, 3SLS and SUR

Full-Information Instrumental Variables Efficient (FIVE)

⎡⎢⎣ σ11E(xi1x
′

i1) … σ1ME(xi1x
′

iM)

⋮ ⋱ ⋮

σM1E(xiMx
′

i1) … σMME(xiMx
′

iM)

⎤⎥⎦p p p

1. ~δFIVE =
~
δ(Ŝ−1) is consistent, asymptotically normal, and efficient with Avar(

~
δ(Ŝ−1)).

Avar(
~
δFIVE) = (Σ′

xzS
−1Σxz)−1

2. Âvar(
~
δFIVE) is consistent for Avar(

~
δFIVE):

Âvar(
~
δFIVE) = (S ′

xzŜ
−1Sxz)−1

3. Sargan’s Statistic:

J(~
δFIVE, Ŝ−1) ≡ n ⋅ gn(~

δFIVE)′Ŝ−1gn(~
δFIVE) → χ2(∑

m

(Km − Lm))
d



Under Ass 4.1-4.5 and 4.7 + same instruments for all equations:
xi1 = xi2 = … = xim = xi

moment conditions:

gi = = εi ⊗ xi, with εi ≡

Efficient Weight matrix:

S3SLS = = Σ ⊗ E[xix
′

i] ,

with Σ = E[εiε
′

i] =

Σ̂ ≡ =
1
n

n

∑
i=1

ε̂iε̂
′

i, Sxx =
1
n

X′X

Large-Sample properties:

Under Ass 4.1-4.5 and 4.7 + same instruments for all equations + the predetermined
regressors satisfy "cross" orthogonalities: E[zimεih] = 0 (without endogeneity)

Efficient Weight Matrix:

Three-Stage Least Squares (3SLS)

⎡⎢⎣ xiεi1

⋮
xiεiM

⎤⎥⎦ ⎡⎢⎣ εi1

⋮
εiM

⎤⎥⎦⎡⎢⎣ σ11E[xix
′

i] σ12E[xix
′

i] … σ1ME[xix
′

i]

σ12E[xix
′

i] σ22E[xix
′

i] … σ2ME[xix
′

i]

⋮ ⋮ ⋱ ⋮

σ1ME[xix
′

i] σ2ME[xix
′

i] … σMME[xix
′

i]

⎤⎥⎦⎡⎢⎣σ11 σ12 … σ1M

σ12 σ22 … σ2M

⋮ ⋮ ⋱ ⋮
σ1M σ2M … σMM

⎤⎥⎦⎡⎢⎣ σ̂11 … σ̂1M

⋮ ⋮
σ̂M1 … σ̂MM

⎤⎥⎦1. ~δ3SLS is consistent, asymptotically normal, and efficient with Avar(
~
δ3SLS).

2. Âvar(~
δ3SLS) is consistent for Avar(~

δ3SLS).
3. Sargan’s Statistic:

J(
~
δ3SLS, Ŝ−1) ≡ n ⋅ gn(

~
δ3SLS)′Ŝ−1gn(

~
δ3SLS) → χ2(MK −∑

m

Lm)
d

Seemingly Unrelated Regression (SUR)



SSUR = = Σ ⊗ E[ziz
′

i]

Large-Sample properties:

the same as SEGMM versus MEGMM:

⎡⎢⎣ σ11E[ziz
′

i] σ12E[ziz
′

i] … σ1ME[ziz
′

i]

σ12E[ziz
′

i] σ22E[ziz
′

i] … σ2ME[ziz
′

i]

⋮ ⋮ ⋱ ⋮

σ1ME[ziz
′

i] σ2ME[ziz
′

i] … σMME[ziz
′

i]

⎤⎥⎦1. ~δSUR is consistent, asymptotically normal, and efficient with Avar(
~
δSUR).

2. Âvar(
~
δSUR) is consistent for Avar(

~
δSUR).

3. Sargan’s Statistic:

J(
~
δSUR, Ŝ−1) ≡ n ⋅ gn(

~
δSUR)′Ŝ−1gn(

~
δSUR) → χ2(MK −∑

m

Lm)
d

SUR versus OLS

1. Each equation is just identified.
2. At least one equation is over-identified. Need assumption that

σmhE(xix
′
i) = 0 for all m ≠ h



Table 4.2: Relationship between Multiple-Equation Estimators 

Multivariate 
regression 

Assumptions 4.1-4.5, 
Assumption 4.7 

xi, = xi for all m 
Zim = xi for all m 

irrelevant 

irrelevant 

equation-by-equation 
OLS 

OLS formula 

OLS formula 

The model 

S (E Avar(g)) 

$ 

4.1-4.5, 

(4.3.3) (4.3.3) 

(4.3.4) (4.3.4) 

Multiple- 

equation GMM 

Assumptions 
4.1-4.6 

(4.1.11) 

(4.3.2) 

Assumption 4.7 
E(zirnzih) finite 

xi, = xi for all m 

C 8 E(x~x:) 
A 

C 8 (n-I C ~ X ~ X ; )  
A 

C from 2SLS residuals 

(4.5.12) 
with (4.5.13), (4.5.14) 

(4.5.15) 
with (4.5.16) 

(4.5.17) 
with (4.5.13) 

FIVE 

Assumptions 4.1-4.5, 
Assumption 4.7 
E(Z~,Z;~) finite 

(4.5.2) 

(4.5.3) 

Assumption 4.7 
xi, = xi for all m 

xi = union of zil , . . . , Z ~ M  

C 8 E(x~x:) 
A 

C 8 (n-'Cixix:) 
A 

C from OLS residuals 

(4.5.12) 
with (4.5.13'), (4.5.14') 

(4.5.15) 
with (4.5.16') 

(4.5.17) 
with (4.5.13') 
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